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Summary 
It is known that the anelastic properties of the Earth characterized by a 
‘ Q ’ structure will affect the periods of free oscillation. It is generally 
considered that the effect is negligible compared to the other perturbing 
effects due to rotation, ellipticity, and lateral inhomogeneities. Neverthe- 
less, it is of some interest to investigate the precise magnitude of this effect 
for the observed free oscillation modes since it could provide us with 
another constraint in the determination of the Q structure of the Earth. 
An application of perturbation theory provides us with a good estimate of 
the magnitude of the changes in the periods of an elastic model due to 
inclusion of anelastic effects. Calculations based on currently accepted 
mean elastic and anelastic models for the Earth show that the shift in 
period due to anelasticity is at most 0-023 per cent for the toroidal modes 
from oT’ to oT99, the maximum occurring near oT60. For more extreme 
Q models, which may be locally applicable, period shifts of the order 
0.1 per cent occur, with the maximum again near oT60, corresponding to 
a period of approximately 150 s. Observational accuracy for the toroidal 
oscillations is around 0.1 per cent so that anelastic shifts in toroidal 
oscillation periods are at the present limit of observational accuracy. 
Viewed in terms of propagating surface waves, the dispersion due to 
anelasticity results in at most 0405-0.01 km s-l variations in the phase 
and group velocities. Such shifts are within the observational resolution 
of surface dispersion measurements using narrow band filtering techniques. 
Compared to other perturbing effects, anelasticity is significant for the 
toroidal oscillation only in the 50- to 300-s period range. In this range, 
lateral variations in structure generally cause larger perturbations. How- 
ever, when viewed in terms of propagating surface waves in selected 
homogeneous regions, anelasticity becomes the dominating effect. 
Further, the frequency shift due to anelasticity is scaled by (I/Q)’, so that 
the anelastic effect can be well within observational accuracy and com- 
parable to any perturbing effect for more extreme, yet acceptable, Q 
models. In particular, when applied to surface waves propagating across 
a tectonic region with a strong low velocity zone in the upper mantle, the 
anelasticity induced dispersion on frequency shift can be significant and 
measurable. In such cases a joint inversion of elastic and anelastic 
properties is appropriate. 
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1. Introduction 
The anelasticity of the Earth's interior gives rise to a variety of important 
phenomena in solid earth geophysics. Examples are the short-period effects such as 
seismic wave attenuation and tidal dissipation; the long-term phenomena such as 
response of Earth's crust and mantle to loading and unloading on the surface 
(' isostasy ') or the transverse movements of large segments of Earth's upper layers 
(' plate tectonics '). The mechanisms responsible for the anelastic behaviour of the 
Earth's interior are largely controlled by defect structure of the crystals making up 
the rock minerals. A host of such mechanisms, thought to be applicable to geophysics, 
are reviewed and listed in the literature (Gordon & Nelson 1966; Jackson & Anderson 
1970). Further experimentation under high pressure and temperature pertinent to 
mantle conditions are necessary to decide their relative importance. 
Recently, the attenuation of seismic body and surface waves at different fre- 
quencies have been measured. Jackson & Anderson (1970) summarize this informa- 
tion up to 1970. This information, when carefully interpreted, can serve to put a 
constraint on the physical mechanisms of anelasticity operating in the Earth's interior. 
It is the purpose of the present work to determine whether anelasticity, as inferred 
from the seismic wave attenuation data, also produces a non-negligible shift in the 
periods of Earth's toroidal oscillations. Here the idea is to see whether we can use 
both the amplitude data and the frequency shifts to infer the anelastic properties of 
the Earth. If the frequency shifts due to anelasticity are large enough to be measured, 
then a joint inversion for elastic and anelastic properties of the Earth could be 
attempted. We anticipate that the frequency shifts due to anelasticity will be small. 
However, two considerations below lead us to try to obtain precise theoretical 
estimates. (1) The precision of free oscillation period determinations has steadily 
improved and has reached a level suggesting that, at least at some frequencies, the 
effect of anelasticity may be resolved. (2) The current anelastic models for the Earth 
are based on an average of the Earth as a whole so that quite extreme variations 
of the anelastic properties could be expected within some tectonic provinces. Much 
larger effects than would be inferred from mean earth anelastic models would there- 
fore be reflected in ' local ' measurements or in short wave length measurements in the 
surface wave frequency range. With respect to the first of these, Dziewonski & Gilbert 
(1972) recently determined the free oscillation periods excited by the 1964 Alaskan 
earthquake. The resolution of the fundamental toroidal modes reported by them 
varies between 0.031 and 0.262 per cent and is generally about 0.1 per cent for the 
higher frequency toroidal modes oT, at which the anelastic shift becomes important. 
Hence we will consider predicted fractional shifts in the free oscillation periods of the 
order of IAT/TI - to be significant and measurable effects. We will consider a 
variety of anelastic models, using both the constant intrinsic Q models and particular 
frequency dependent Q models, covering a range of possibilities that appear to us to 
be reasonable for the Earth, both for its mean anelastic properties and for the anelastic 
properties likely to occur in particular regions of the Earth's interior. We will 
compute both the amplitude effects to be observed (i.e. the amplitude decrement 
of the free oscillations or the line width of the free oscillation power spectrum) 
and the centre frequency shifts by means of a perturbation theory. In this case the 
frequency shift is obtained from the second-order perturbation calculation while the 
line width or amplitude decrement is obtained from the first-order perturbation result. 
The amplitude decrement based on a perturbation calculation was previously obtained 
by Anderson & Archambeau (1964). Since the calculation is a perturbation result, 
the effects are expressed relative to an unperturbed, ideally elastic Earth model. The 
results of the amplitude decrement will be compared to the available observations for 
each of the anelastic models used in the calculation, while the associated frequency 
shifts will be compared to the resolution limit of 0.1 per cent and to the magnitudes 
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Earth's free oscillations 79 7 
of other perturbing effects such as ellipticity and lateral inhomogeneity in order to 
assess the importance and measurability of the anelastic effect. 
2. Perturbation calculation of the shift in the Earth's toroidal oscillation periods due to 
anelasticity 
The equation of motion for the elastic-gravitational oscillation of a non-rotating 
earth with lateral heterogeneity is given by 
and 
where 
p o  : equilibrium density distribution 
s k y  : displacement field of free oscillation characterized by the mode numbers 
w k y  : angular oscillation frequency 
k, 1 and m 
pi  = - V. (po s k y ) ,  change in density due to displacement 
4 = c$o+41, total gravitational potential 
q50 : equilibrium gravitational potential 
: change in gravitational potential due to free oscillation 
G : gravitational constant. 
The operator H is defined by its components in Cartesian co-ordinates (Dahlen 
1968) by 
[ H ( S ~  4)li = -a j ( r i j k t  Ok t )  f a i [ P O  sj 401- * (PO s)ai $0 
+ P O  ai 41 - a i i s k a j  Tk:l+aj(skak 
+ a j [ h j ? ( a i  si-8, S i l l  + a j [ b i ? ( a j  sl-8, sj)I (3) 
The mode numbers are suppressed in the above equation. In equation (3) where 
akl lak sl sk)/2 
To  : static stress field tensor 
TO = To - $(To)ii I, is the static stress deviator tensor 
E : elastic stress tensor 
and the stress-strain relationship (in Cartesian co-ordinates) 
E ,  = rijkl Ukl -+Tj lO(a i  &-a, s ~ ) - + T ~ : ( ~ ~  s,-a, sj) (4) 
has been used in the equation of motion to obtain the expression for operator H ( S ,  4) 
in equation (3) .  r i j k l  in equation (4) are components of the elastic coefficient tensor. 
The boundary conditions are (Alterman, Jarosch 8z Pekeris 1959; Backus 1967) 
i 
S continuous, except at mantle-core boundary where 
only 6 .  S needs to be continuous 
& continuous 
6.  V41 + S , 64zGpo continuous 
6. E continuous 
where 6 is the outward normal to an undeformed surface of continuity. 
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Equation (2) can be integrated to express &(r) in terms of the displacement field S 
&(r) = - Gj V. (p0 S)g(r, r')d V' + Gj po(r')g(r, r')S(r') .B'dS' (6) 
g(r, r') = I/~r--r'~ 
The eigenvalue equation of the adjoint operator, R, is 
R(sk?> = (?k?l2 PO €k? (7) 
with 
sky  is the adjoint solution of S k T .  If H is hermitian, I?- = H ,  yk? = and 
s k ?  = s k m ,  where denotes complex conjugate of s k y .  In the present problem for 
toroidal oscillations, the operator H is hermitian. We will nevertheless employ the 
adjoint notation in the perturbation calculation until the end and then taking note 
of the fact that H is hermitian. 
The straightforward way of introducing anelasticity into the equation of motion 
is to assume a constitutive relation which contains dissipation factors. The simplest 
such constitutive relation results from introducing complex moduli of elasticity into 
the linear stress-strain relation as expressed by equation (4). As an illustration, 
consider the stress-strain relation of a visco-elastic solid, 
Jpo !$T.skI,,m'dv = o if k # k', I z I' or m + m' 
6 ,  + 2p' 2%aal; 
Jt at 
E i j  = laii 6 ,  + 2 p i j  + A' -
where A, A', p, p' are real quantities. In the frequency domain (or in response to 
sinusoidal disturbance) the stress-strain relation (8) takes the form 
E ,  = ( A + i o ~ ) o , , 6 i j + 2 ( p + i o p ' ) o i j  (9) 
which shows that a pure imaginary part in the elastic moduli would account for this 
specific anelastic behaviour. Further, a wider class of anelastic behaviour can be 
represented in this manner as noted, for example, by Anderson & Archambeau (1964). 
In an anisotropic medium, the more general equation corresponding to equation (9) is 
[ x ( s ) l i  = -aj(r &Z akl) (10) 
where r& is a tensor with complex components and having the same form as the 
elastic tensor rijkl. In an isotropic material, the operator &' takes the form 
XS = -(A*+2p*)V(V. ,)+p*(Vx (vx ->)-(VA*)(V-) 
- ( V p * ) . ( V , + , V )  = [H+A)S  (1 1) 
where 
(VS + SV)/2 = ie, , i+je2, j + keS3 k+e12(ij +ji) +e,,(ik+ki) + e2,(jk+ kj) 
in the dyadic notation, with eij = +(ai Sj +aj Si). Here H is the real part and A the 
imaginary part of the operator 9. With the anelastic operator A, the eigenvalue 
equation describing the Earth's free oscillations becomes 
H(Sk?) +A(Sk?)  = pO(wk?)2 sk?* (12) 
We will restrict the treatment to an isotropic stress-strain relation and consider the 
anelastic behaviour as a perturbation. The perturbation expansion for the angular 
frequency and the displacement field are 
wk? = Wkfo)m + mkfl)m + W k f 2 ) m  + . . . 
7k.Jk;l = ~ ~ l ( O ' m + y k l ( l ) m + y ~ l ( 2 ) m + . . .  
s k i "  = Skf0)" + s k f l ) m  + S k f 2 ) m +  ... 
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Substituting equation (13) into equation (12), the zeroth order equation is 
H(Sk/O'")  = pO(Wk/o)m)2 Sk/O)" (14) 
i.e. the elasto-gravitational oscillation of a non-rotating Earth. The first order 
equation is 
H ( S k / l ' " )  + A ( S k / O ) " )  = p O ( o k / o ) " ) 2  S k f " " + 2 ~ k / " m  Wk/O)" PO s k / o ) m  (15)  
Skfl)" can be expanded in terms of the zeroth order eigenfunctions as 
Now taking the dot product of equation (15) with Sk/O'", the adjoint solution of 
SkfO)" ,  and integrating over the volume. We have, by definition of the adjoint 
solution, 
and equation (7), the first-order equation reduces to 
j Sk/O)" .  H ( S k { l ) " ) d V  = j s k f l ) m . f f ( S k / o ) m ) d ~  
W k / l ) "  = 5 S k f  'Irn. A s k / " "  d V/(2Wk{O'" Po Sk/')". Sk/O)" dV)  
(17) 
(1 8) 
Taking the dot product of equation (15) with Sk/O'"', m' # m, and noting that 
Sk/O'"'. H ( S k / " " ) d V  = j sk/"" . 8 ( g k , ( o ) m ' ) d V  = j p o ( ~ k / 0 ) m ' ) 2  S k / ' ) " . S k / o ' " ' d V  (19) 
equation (15) becomes 
[(yk/o'"')2 - (Wk/0'")2] j p 0 s kl ( ' ) " a  Sk/')"' dV = - j  Sk/O)"' .  A(Sk/"")dV (20) 
Substituting equation (16) into equation (20) gives 
a,,,"' = j Sk/O'"'. A ( S k / o ' " ) d V / {  [ ( ~ k / o ' m ) z  - y&/o)m')2] x j p o Q k / o ) m ' .  Sk/')"'d v} (21) 
Similarly, expressions for bkkt and cll' are obtained by taking dot products of equations 
with gk./o)m and Skr!')" respectively and integrating the resulting equation over the 
entire volume of the Earth. Now the second-order perturbation is 
H ( s k / 2 ) m )  + A ( S k / " " )  = P O  [(Wk/"m)2 + 20k/0'" ~ k / 2 ) m ] S k / o ) m  
+ po(Wk,(0)m)2 Skr2'"+ 2pO Ok/o'" Wk/"" Sk/')". (22) 
Taking the dot product of equation (22) with Sk/O'" and integrating over the entire 
volume, with 
Skfo)"  . H ( S k / " " ) d V  = j S k / 2 ) m  . f f ( S k / ' ) " ) d V  = pO(yk /o)m)2  s k / 2 ) m .  $/"" dV (23) 
equation (22) becomes 
gk,(O'". A ( S k / " " ) d V  I- [(yk,'0'")2 - (Wk/0'm)2]. j P O  Sk/')" a Skkf"" d l /  
(24) = [(ski (1) m) 2 + 2W ki ( O M  Wk/')"] j P O  Sk/o'". Sk/O)" dV 
or 
-~(Wk/"m)2/Wk/o '" .  (25) 
This general result can now be applied to the toroidal oscillations of the Earth. The 
displacement field of an elastically isotropic and laterally homogeneous Earth model 
is taken as the zeroth order unperturbed eigenfunction. The operator H associated 
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with such an Earth model is hermitian. Therefore, = H ,  skim = s;, and 
y k y  = wkr. The zeroth order displacement field is then (e.g. Alterman et d. 1959). 
skl(0)m = c?(e, 6)&kr) (26) 
where Cf"(e,4) is the vector spherical harmonic defined by 
G,, 60,  6+ are unit vectors in spherical polar co-ordinates, and 
is the spherical harmonic function. wkt(r) is solution to the equation 
for a layered Earth model where p J 0 )  and pdo)  are rigidity and density inside the layer 
of index s, s = 1,2, . . ., N. The boundary conditions for equation (28) are continuity 
of W&) and (p(')d/(dr)Wkl(r) - Wkz(r)) at layer boundaries. The adjoint displacement 
field is given by 
Assuming a laterally homogeneous anelasticy in the Earth model, with p t  = p(O) + id') 
iPW 
Skr(o)".A(Skl(o)m)dT/ = (@k1(o))2 p(o)W,l(r)W,,(r)dV 
and 
Substituting equation (30) into equations (18), (21) and (25) we get 
(0~1'") J p'O% kl (OM. S kl  dV = (wk/O)) J p'O'[W,,(t)l2 d V. 
and 
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Earth's free oscillations 
The attenuation factor (Qk;l) of the toroidal oscillation is given by 
801 
(33) 
and the frequency shift is given by Wk,(2'm. 
3. Numerical calculations and results 
In actual computation, a laterally homogeneous Earth model consisting of seismic 
velocities 5, V,  and density pcO)  as a function of radius is used in a normal mode 
program to generate the displacement function Wkl(r) and angular frequency w,,(O) for 
kT,, k = 0, 1; 1 = 2, 3, ...) 99. (m is degenerate for a laterally homogeneous, non- 
rotating, spherical Earth model). These, together with an intrinsic Q-model as a 
function of radius, are used to compute the free oscillation dissipation factor 
(Qk=O, I)-1 and the frequency shift due to anelasticity w & ~ , ~ .  Equations (31), (32) 
and (33) are employed in these computations. Note from equation (32) 
So that yi2_)o,I is a summation of positive terms. Since 
the computed value arising from the first term of the series: 
is the lower limit of the summation. However, inasmuch as the number of zeros in 
wkl(r) increases with k, the first term of the series is also the largest, and we will use 
only this term for the present estimate. 
Two laterally homogeneous Earth models are used in the computation, one 
characteristic of the Basin and Range mantle province (CITIII) after Archambeau, 
Flinn & Lambert (1969) and the other characteristic of an oceanic structure (Oceanic 
Series 304702). These models are described in Tables 1, 2 and Fig. 1. These elastic 
velocity-density models are representative of the extremes for the lateral structural 
variations in the Earth. Since the anelastic effects to be observed depend on the 
elastic velocity-density models, it is appropriate to consider velocity-density models 
other than a mean Earth model and to use the variation of predicted results between 
the models as a measure of the expected variations in the anelastic effects between 
different sampled regions. Since the models differ mainly in the upper mantle and in 
the crust, and are essentially the same below a depth of about 500 km, the effects on 
high-frequency oscillations will be most different between the models while the effects 
on the low frequency oscillations will nearly be the same. Further, the anelastic 
properties are expected to vary from region to region as well. We will, therefore, 
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Table 2 
Oceanic earth elastic model 
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OCEANIC MODEL 
BASIN AND RANGE MODEL 
- 
----- 
15- 
El 
>r 
- 
- 
- 
u s 
employ a number of different anelastic models in combination with the two elastic 
models in order to estimate the total variability of the anelastic perturbation effects. 
Five intrinsic Q models are employed for the Basin and Range Earth model. Two 
of them are frequency independent with their low Q zone corresponding to the low 
velocity channel of the Earth. The only difference between these two Q models, 
Q(H,) and Q(L1), is in their numerical values inside the low Q zone. This type of 
frequency-independent Q-model was adopted in the early work to construct intrinsic 
Q-models in the Earth‘s interior (Anderson & Archambeau 1964). The next two 
10‘’ 
5x10‘21 
5 x 1 6 ~ -  
0 
\ - 
I o - ~  
5 x  
I o - ~  
I I I I I I I 
p.1 
I 
I 
I 
L ,  
6 
I 
I I 
- 
- MODEL Q (L I )  
----- MODEL Q ( H I )  - 
- - MODEL 0 (L2) 
MODEL Q (H2) - 
L-\ 
\ 
- \ 
- 
- 
\ - - - - - - - - - 
I I I I I 
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PERIOD, sec 
FIG. 3. Free oscillation quality factor (fundamental toroidal modes) calculated 
from various earth elastic and intrinsic Q models as compared with the observa- 
tional data. The observational data are from Gutenberg (1924). Wilson (1940). 
Sato (1958), Alsop et al. (1961), Press el al. (1961), MacDonald & Ness (1961), 
Smith (1961), BBth & Lopez-Arroyo (1962), Nowroozi (1968) and Solomon (1972). 
intrinsic Q models, Q(W)~ and Q(W)~ are based on a single relaxation mechanism for 
seismic energy dissipation. They are frequency dependent and, except for a scaling 
factor, are after Jackson's model 10-04 (Jackson 1969). The last intrinsic Q-model 
for Basin and Range Earth model Q(o),, is constructed after Solomon (1972). In 
this model, the Q is independent of frequency above the low velocity zone and is the 
result of two relaxation mechanisms (one of which is attributed to partial melting) 
in the low velocity zone. This model is frequency dependent through only one 
relaxation mechanism below the low velocity zone and above the core-mantle 
boundary. Only frequency independent Q models, Q(L,) and Q(H,), are employed 
for the oceanic Earth model. The Basin and Range Q-models are listed in Table 3. 
The oceanic Q-models are listed in Table 4. The frequency independent Q-models are 
also shown in Fig. 2. 
The computed free oscillation quality factor Qk=O, for various Earth models 
and for various intrinsic Q-models is plotted in Figs 3 and 4. The attenuation data 
for free oscillations and surface waves up to 1970 have been collected by Jackson & 
Anderson (1970). The toroidal oscillation and Love-wave attenuation data repro- 
duced in Figs 3 and 4 with the various computed QkZO, are from this collection 
K 
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A = 0.032 
Depth, z 
(W 
0-28 
28-45 
60-80 
80-140 
140-146 
146-170 
180-200 
200-250 
250-300 
300-350 
45-60 
170-180 
350-375 
375-398 
398-400 
40W50 
450- 500 
500-550 
550-600 
600-630 
630-645 
660-680 
680-700 
645-660 
700-720 
720-740 
740-760 
760-780 
780-800 
800-840 
840-860 
860-880 
880-900 
900-940 
940-980 
980- 1054 
1054-2892 
2892-6371 
A = 0.060 
Q(L 1) 
200 
120 
35 
20 
10 
15 
315 
615 
655 
755 
860 
965 
1078 
1190 
1443 
1645 
1695 
1745 
1795 
1835 
1858 
1973 
2090 
21 10 
2130 
2150 
2170 
2190 
2210 
2240 
2270 
2290 
2310 
2340 
2370 
2390 
2400 
0 
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Table 3 
Basin and Range intrinsic Q models 
QWi) 
200 
130 
55 
43 
36 
38 
325 
615 
655 
755 
860 
965 
1078 
1190 
1443 
1645 
1695 
1745 
1795 
1835 
1858 
1973 
2090 
2110 
2130 
2150 
2170 
2190 
2210 
2240 
2270 
2290 
2310 
2340 
2370 
2390 
2400 
0 
Q-*(w) = Q-’(w; A, T,,, E*, V * )  
T = TO exp[(E*+PV*)/RT] 
T = 0 . 4 s  
E* = 10 kcallmole 
= A w + w2 T ~ )  1000 
v * = 4 cm3/mo1e Q-’ =0*1 w ~ ~ / ( l + w ’ ~ ~ ’ )  
Pressure Model: Bullen Model B 
(Bullen 1965) 
Temperature Model: MacDonald 
Model 19 (MacDonald 1959) 
T3 = 2 sec 
t T~ = 2Oexp [-(500E*+584V*)/1239+(500E*+4zV*)/T] sec; E* = 57 kcal/mole, 
Y *  = l.0cm3/mole; Temperature Model 200029 after Minster & Archambeau (1971). 
Table 4 
Oceanic frequency-independent intrinsic Q models 
0-5 
5-48 
48-200 
200-395 
3 9 5 4 6  
446-825 
825-1 155 
1155-2892 
2892-6371 
0 
200 
10 
80 
100 
300 
800 
1600 
0 
0 
200 
35 
80 
100 
300 
800 
1600 
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400 
300 
0 
200 
100 
0 1  I I I I I 
lo4 wo3 lo3 m 0 2  lo2 5x10' 10' 
PERIOD, sec 
FIG. 4. Free oscillation quality factor (fundamental toroidal modes) calculated 
from Earth Basin and Range elastic model and the frequency-dependent intrinsic 
Q model, Q(w)~, as compared with the same observational data as those in Fig. 3. 
The fit is much better than those in Fig. 3. 
except for the 12 points at the lower right corner, which are from Solomon (1972). 
The attenuation data included in Figs 3 and 4 are from Nowroozi (1968; oT), Alsop, 
Sutton & Ewing (1961; oTJ, MacDonald & Ness (1961; Smith (1961; oTJ, 
Solomon (1972; Love wave), Savarenskii, Nersesov & Karmaleeva (1966; Love wave), 
Bath & Lopez-Arroyo (1962; Love wave), Press, Ben-Menahem & Toksoz (1961; 
Love wave), Sat8 (1958; Love wave), Wilson (1940; Love wave), Gutenberg (1924; 
Love wave). It appears that the intrinsic Q-models Q(H,), Q(HJ and Q(CO)~ give 
seismic attenuation which agrees well with the observed data. However, noting 
the wide scatter of seismic attenuation data and some recent results of surface 
wave attenuation in the western United States (Solomon 1972), the low QkZO, I 
values produced by the intrinsic Q-models, Q(L,), Q(LJ and Q(w),, cannot be 
ruled out as unreasonable. Values of QkzO, calculated from Q(o)~, the most 
sophisticated among the Q-models, matches both the long period free oscillation 
attenuation data and short-period Love-wave attenuation data in the western 
United States. Shifts in free oscillation periods calculated from this intrinsic 
Q-model, Q(w),, are taken to be representative. The period shift 
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-100, , I I I I - BASIN AND RANGE Q ( w ) ,  - 
/.- - -.-./ -.-.- / 
/. 
1. 
/' 
FIG. 5 .  Shift in fundamental toroidal free oscillation periods, DT, due to anelasticity 
as calculated from various earth elastic and intrinsic Q models. 
and the fractional period shift, li=l(DT)k=O, z/q=o, zI, as calculated from various 
Earth and intrinsic Q-models are plotted in Figs 5 and 6. The maximum values of 
lDT/Tl and the modes at which they occur are listed in Table 5 for various Earth 
and intrinsic Q models. When appropriate ( I  % l), the shift in free oscillation period 
is also expressed as the shift in phase and group velocities of surface waves (Press 
1964). The phase and group velocities of the two Earth models are plotted in Fig. 7. 
The shift in phase and group velocities for various Earth and intrinsic Q-models are 
plotted in Figs 8 and 9. 
Table 5 
Maximum percentage shift of toroidal free oscillation period calculated from variotu 
earth elastic and intrinsic Q models 
Free oscillation Calculated free Maximum value 
Earth intrinsic mode at which oscillation of shift 
Earth elastic model Q model maximum occurs period (s) (x10-2) 
Oceanic Q(L z) OTYZ 92.89 -13.104 
Oceanic Q(H2) o T9y  86.63 -1.0936 
Basin & Range Q(L 1 )  oTa 140.43 -5.4140 
Basin & Range QWJ OTSS 129.29 -0.1396 
Basin & Range Q ( 4 l  o r s o  261-68 -0.3815 
Basin & Range Q ( 4 2  OT30 261.68 -1.3412 
Basin & Range Q ( 4 3  OT60 144.59 -2.3022 
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Earth's free oscillatiorrs 809 
4. Discussion 
The range of toroidal oscillations for which the maximum fractional period shift 
occurs depends on the Earth elastic and intrinsic Q-structure model, but in general 
it is controlled by the low velocity zone where anelastic behaviour is an outstanding 
feature. This is apparent in Table 5 ,  where the longest period (calculated from various 
Earth elastic and intrinsic Q-models) at which the maximum fractional shift occurs 
is 261.68 s. The period at which the maximum fractional shift occurs is 144.59 s for 
the most representative Q-model, Q(o)~. For the longer period free oscillations of 
o&, most of the energy is distributed outside of the low velocity zone. For much 
shorter period free oscillations T,, the displacement field does not sample much of the 
low velocity zone, hence the peaked influence of anelasticity. 
The maximum fractional shift in Table 5 is - 1.31 x for an Oceanic Earth 
model with a more extreme intrinsic Q distribution given by model Q(L1). The 
maximum fractional shift for the more representative intrinsic Q structure, Q(o),, 
on a Basin and Range Earth model is -2.30 x Expressed in a different way, 
we see from Figs 8 and 9 that the shifts in phase and group velocities (e.g. the 
anelasticity induced dispersion of surface waves) are of the order of O.O07kms-' 
for the Oceanic model Q(L,) and at most 0.001 kms-' for the Basin and Range 
Q-model Q(w)~. The largest effects occurring at around 150-s period for both models. 
-10 
- 5 ~ 1 0 -  
t- 
0 
> 
-10 
- 5 ~ 1 0  
-10' 
I I I I I 
I NTR I NSlC 
FARTH MODEL Q MODEL - BASIN AND RANGE Q f L , )  aed Colculoted ----- BASIN AND RANGE 0 (HI)  by DAHLEf 
OCEANIC 0 fL-1 
OCEANIC i iH;i . . . . . . . . . . 
BASIN AND RANGE Q (w), 0 
BASIN AND RANGE Q ( w ) ~  
0 
\ 
-. -. 
-. 
0 
\ 
\. 
0 
'. 
I I \., I I 
I02 5x10' Id 5x1O3 lo4 
PERIOD. sec 
FIG. 6. Fractional shift in fundamental toroidal free oscillation periods, DTIT, due 
to anelasticity as calculated from various earth elastic and intrinsic Q models. 
The values "al%. calculated by Dahlen (1968) are the fractional shift of toroidal 
oscillation periods due to ellipticity alone. 
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- BASIN AND RANGE 
1 0 ' ~  
I I 
OCEANIC Q (L;) 
BASIN AND RANGE 0 (w), 
-- 
OCEANIC Q { H p l  - -  
BASIN AND RANGE a (w), -_ _- 
- 
1 I I I I 
PERIOD, sec 
FIG. 7. Love wave phase velocity, Vp, and group velocity V,, as calculated from 
the two earth elastic models used in the perturbation calculations. 
As previously noted, the resolution of the fundamental toroidal modes 7', 
reported by Dziewonski & Gilbert (1972) varies between 0.031 and 0.262 per cent 
and is generally about 0.1 per cent for the higher frequency toroidal modes oT,, 
where the anelastic shift becomes important. This kind of resolution, although com- 
parable to the maximum fractional period shift produced by the more extreme 
Q-model, Q(L1), is generally five times larger than the maximum fractional period 
shift produced by the more representative Q-model Q(w)~. Therefore, the anelastic 
shifts are generally smaller than the observational uncertainties in the normal mode 
data. However, the free oscillation data are obtained by averaging individual observa- 
tions. Since we find that the anelastic effects are largest in the surface-wave period 
range, it is more appropriate to compare the magnitude of the predicted effects to 
surface-wave dispersion data for surface waves propagating within particular tectonic 
r - I - 
----_ -----____ _-.-----____ 
EARTH MODEL INTRINSIC 0 MODE1 
- BASIN AND RANGE 0 (L,) 
_---- BASIN AND RANGE 0 (H,) 
)O 
FIG. 8. Shift in Love wave phase velocity DV,, due to anelasticity calculated from 
various earth elastic and intrinsic Q models. 
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I I I I I 
-'- - - - - - - - - -_  - - - - - - 
n 
5 ~ 1 0 . ~ -  
I o - ~  
FIG. 9. Shift in Love wave group velocity, DY,, due to anelasticity calculated from 
various earth elastic and intrinsic Q models. 
. EARTH MODEL INTRINSIC Q MODE~ ,. 
/ __ BASIN AND RANGE Q (L,) 
BASIN AND RANGE Q (H,) 
OCEANIC Q (L,) 
--_-- i 
_ _ -  /. 
........... OCEANIC Q (H,) 
BASIN AND RANGE Q (w), .- - 
BASIN AND RANGE Q (w),  _- _ _  
- 
I I I I 
provinces rather than to data expressed as an average from measurements obtained 
from many locations scattered on the Earth's surface. We observe for this comparison 
that the dispersive effects of anelasticity for periods greater than 100-s result in a more 
or less uniform shift in the group and phase velocities of about 0.005 km s-l, although 
shifts of the order of 0.01 km s-' or greater can be expected for a very low Q upper 
mantle model. Effects of this magnitude are at the threshold of resolution with current 
methods of measurement. If ' pure path ' surface-wave data within a low Q region are 
available such that the anelastic effects are large and lateral variation in the velocity- 
density structure over the path minimal, then it is likely that the dispersive effects of 
anelasticity will be resolvable and that a joint inversion for elastic and anelastic 
properties will be a useful approach. However, it is clear that the anelastic attenuation, 
involving the spectral amplitude decrement, will dominate the inversion for the 
anelastic properties of the medium with the observed dispersion being most important 
in determining the elastic properties and only weakly constraining the inversion for 
the anelastic structure. 
Fig. 10 is an example of some high resolution surface-wave dispersion data that are 
required in the joint inversion for elastic and anelastic properties of the medium. For 
such dispersion data, extended on to around 200 s, it is reasonable to expect that the 
data uncertainties will be small enough to provide a constraint on the anelastic 
properties, provided that high resolution filtering techniques are used. 
It is important to ask how does the period shifts due to anelasticity compare with 
the effects of ellipticity, rotation, and lateral heterogeneity. Dahlen (1968) calculated 
values up to oT,o for ellipticity and rotational effects. The fractional shifts in period 
of the central line of the multiplet (m = 0) due to ellipticity alone n a t  E,, as calculated 
by Dahlen are plotted in Fig. 6, together with fractional shifts caused by anelasticity. 
The trend shows that at modes where anelasticity effects are important, namely in the 
period range 50-3OOs, the effect of ellipticity alone on the shift in period of the 
central line of the multiplet (m = 0) is less than the anelastic effects. For orders 
I < 10, ellipticity is the dominant effect. The rotational effect, considered alone, does 
not produce any period shift in the central line (m = 0). When rotation and ellipticity 
are considered together, the perturbation effects are coupled (Dahlen 1968, 1969). 
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FIG. 10. Observed group velocity dispersion for Rayleigh wave propagation within 
the Basin and Range province. The dots are individual, independent determina- 
tions of the group velocity at particular frequencies obtained by narrow band 
filtering methods. In this exceptional case, the relative resolution is estimated to 
be of the order of 0.001 km s - l .  The other curves are theoretical dispersion curves 
corresponding to the velocity structures shown in the inset. (From Davies, 
Archambeau & Wu, private communication). 
However, the overall effects of ellipticity and rotation are still characterized by 
perturbations that are strongest in the range of order number 1 less than 30. For 
higher orders, anelastic effects are larger. Luh (1973) calculated the combined 
perturbation effects of rotation, ellipticity and the lateral inhomogeneity due to 
difference in crust-mantle structure between continents and oceans. As would be 
expected, the effect of the strong continental-oceanic structure variation gives rise to 
a significant effect at nearly all order numbers. In the period range where anelasticity 
is important, effects of lateral structural variations on the periods can be much larger 
than all other perturbations including anelasticity if the free oscillation data are 
averaged globally. However, since the free oscillation data are more meaningfully 
viewed in terms of surface waves in the 50- to 300-s period range, the importance of 
lateral structure variations are dependent on the lateral inhomogeneity of the region 
sampled by the surface waves. Therefore, for selectively sampled surface-wave paths, 
effects of lateral inhomogeneity can be minimized and it is likely that the anelastic 
effects will predominate as the important deviation from an ideal elastic, radially 
inhomogeneous Earth model. This appears to be the case for the data shown in 
Fig 10, for example. We note also that the lateral inhomogeneity in the anelastic 
properties will affect the frequency splitting pattern of the free oscillation spectra as 
calculated from Luh's model (1973). 
The numerical calculation of the present study is carried out only for toroidal 
oscillations of the Earth since the anelastic effect is more pronounced for toroidal 
modes than for spheroidal modes. This is because toroidal oscillations involve shear 
motion only, for which seismic dissipation is most effective. However, Dziewonski & 
Gilbert (1972) reported that the observational accuracy of spheroidal free oscillation 
periods are generally two orders of magnitude higher than those of the toroidal modes. 
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Earth’s free ascillations 813 
This can be understood at least partially from the fact that spheroidal modes have a 
higher quality factor than the toroidal modes. Because of the greater accuracy of 
measurement, it may be useful to calculate the shifts in free oscillation periods for 
spheroidal modes, which probably have the same relative importance as for the 
toroidal free oscillations. The spheroidal oscillation amplitude decrement and period 
data could also be used to determine the Earth’s anelastic properties. 
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